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1. INTRODUCTION
We will discuss the decay rate of strong solutions in Lq for the Cauchy
problem of the NavierStokes equations,
u 3 u u   up in R  0,Ž . Ž .
 t 1.1Ž .3div u 0 in R  0,Ž . 3u x , t 0  a x in R ,Ž . Ž .
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Ž Ž . Ž . Ž .. Ž .where  is the viscosity. u u x, t , u x, t , u x, t and p p x, t1 2 3
denote the unknown velocity vector field and scalar pressure, respectively.
Ž .a a x is a given initial velocity vector field.
There is an extensive literature on the existence and decay rate of strong
solutions in Lr. Applying parabolic singular integral operators, E. B. Fabes
	 
et al. 2 discussed the existence and uniqueness of strong solution in
qŽ  pŽ n..  rL 0, T ; L R for some T and initial velocity a L . Here 0 nr
     Ž  . np 2q 1 for n p . When a  a p  n p isp p
sufficiently small, they obtained the global strong solution. H. B. da Viega
	 
 p n1 also discussed the existence and decay of L strong solution in R . But
there is no result on the decay rate about the derivative. Moreover, p 
	 
 pis not attained. Kato 4 studied the same questions for the L strong
solutions in Rn applying the L p  Lq estimates for the semigroup gener-
ated by the Stokes operator. He obtained that there is T 0 and a unique
solution u, which satisfies
t Ž1n q.2 u BC 0, T ; PLq for n q , 1.2Ž . Ž .
t1n2 qu BC 0, T ; PLq for n q , 1.3Ž . Ž .
n   	 
as a L . He showed that T  if a is small. The author 3 obtainedn
  2 3the global existence of the strong solution with a small, and someL Ž R .
decay estimates of the strong solution, by making full use of the estimates
of solution to the linearized NavierStokes equations.
In this paper, we also discuss the existence and decay rate of global
strong solution in Lq for the NavierStokes equations in R3. To this end,
we first construct the approximation solutions through linearizing the
NavierStokes equations. In order to express the solutions, we apply
directly the fundamental solution of heat equations in R3. By making full
use of the estimates about the fundamental solutions, we obtain decay
estimates of arbitrary order derivatives. The estimate for the decay rate is
optimal in the sense that it coincides with the decay rate of a solution to
the heat equation. Then we extend the previous results.
2. THE MAIN RESULTS
pŽ 3.Let L R , 1 p, represent the usual Lebesgue space of scalar
 functions as well as that of vector functions with norm denoted by  .p
 Ž 3.  Ž .Let C R denote the set of all C real vector functions   ,  , 0,  1 2 3
3 m , pŽ 3.with compact support in R , such that div 0. W R is the usual
3 p˚ 3Ž . Ž .Sobolev space of order m, p of functions on R . Let J R  the
 Ž 3. pŽ 3.completion of C R in L R . Finally, given a Banach space X with0, 
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  pŽ . Ž .norm  , we denote by L 0, T ; X , 1 p, set of functions f tX
Ž . T  Ž . pdefined on 0, T with values in X such that H f t dt . LetX0
Ž . Ž .BC 0, T denote the bounded continuous functions defined on 0, T . In
the end, by symbol C , we represent a generic constant whose value isi
unessential to our aims.
Ž . pŽ	 .By a strong solution of NavierStokes equations 1.1 in L 0, ;
q 3  3˚ 3Ž .. Ž Ž .. Ž .L R  L 0,; J R , we mean a vector field u x, t which is defined
as follows
Ž . pŽ	 . qŽ 3..DEFINITION. u x, t is called a strong solution in L 0, ; L R 
 3˚ 3Ž Ž .. Ž .L 0,; J R for the NavierStokes equations 1.1 , if
p q 3  3˚ 3Ž . Ž . Ž	 . Ž .. Ž Ž ..1 u x, t  L 0, ; L R  L 0,; J R for some p 2
and q 3;
Ž . ŽŽ .  Ž 3..2 For every  C , ; C R ,0 0, 
 
u   u   u   u dx dt a x  x , 0 dx ;Ž . Ž . Ž .H H Hž /3 3 t0 R R
Ž . 	 . Ž .3 For almost every t 0, , div u , t  0 in the sense of distri-
bution.
Now we can state our result.
3˚ 3Ž .THEOREM. If a J R , then there exists a constant 	 such that if
  Ž .a  	 , there exists a unique solution to 1.1 , which satisfies3
Ž13 q.2 	 q 3t u BC 0, ; L R , for 3 q, 2.1Ž . Ž ..Ž .
132 q   q 3	t u  BC 0, ; L R , for 3 q. 2.2Ž . Ž ..Ž .
Moreoer,
23  u
3Ž11 q.2 q 3	t  BC 0, ; L R , for 3 q,Ž ..Ž .Ý
 x  xi ji , j1
2.3Ž .
3Ž11 q.2   q 3	t p  BC 0, ; L R , for 3 q, 2.4Ž . Ž ..Ž .
u
3Ž11 q.2 q 3	t  BC 0, ; L R , for 3 q. 2.5Ž . Ž ..Ž .
 t
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Furthermore, one can obtain that
l

  
 2
 
 
 1  
  21232 q0 0D uD D uD p t 4Ý x x t x
 
 2
 BC 0,; Lq R3 2.6Ž . Ž .Ž .
Ž .  for 3 q . Here 
 
 , 
 , 
 and 
  
  
  
 . l is any1 2 3 1 2 3
  
  
  Ž 
1 
2 
3. 
0gien integer and 2
  
 . D denotes    x  x  x , D 0 x 1 2 3 t
 
0 t 
0.
Ž . 	 
 Ž . Ž .Remark. 1 Kato 4 obtained 2.1 for 3 q  and 2.2 for 3 q
  only.
Ž . 	 
2 For the Cauchy problem in two dimensions, Schonbek 6 ob-
tained the decay rate of solution to NavierStokes equations in H m
spaces, which also coincides with the corresponding decay rate of solutions
to the heat equation.
Ž .3 By similar discussion, one can obtain the decay rate of the strong
solution to the NavierStokes equations in Rn with n 3.
3. THE APPROXIMATION SOLUTIONS AND THE
ESTIMATE OF PRESSURE FUNCTION
We first define the sequences of the approximate solutions by making
use of the linearized NavierStokes equations. For this purpose, we select
k  Ž 3.a  C R such that0, 
k 3˚ 3a  a in J R strongly, 3.1Ž . Ž .
and
 k   a  a .3 3
We now consider the Cauchy problem of the linearized NavierStokes
equations in R3
 0 u
0 0 3 u p , in R  0, ,Ž .
 t 3.2Ž .0 3div u  0, in R  0, ,Ž . 0 0 3u x , 0  a x , in R ,Ž . Ž .
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and
 ku
k k1 k1 k 3 u  u   u p , in R  0, ,Ž . Ž .
 t 3.3Ž .k 3div u  0, in R  0, ,Ž . k k 3u x , 0  a x , in R ,Ž . Ž .
	 
for k 1. By the discussion in Ladyzhenskaya 5, Chap. 3 , it is well known
kŽ . Ž . Ž .that there exists a unique solution u x, t to 3.2 and 3.3 for k 0,
which are regular enough to assure the later estimates being well defined.
Ž . Ž .From 3.2 and 3.3 , we observe that the pressure function satisfies
 pk  div uk1   uk1 in R3. 3.4. Ž .Ž .
Applying the CalderonZygmund theorem, we obtain the estimate for
the pressure function as follows:
LEMMA 3.1. For the pressure function, the following estimate holds
k k1 k1 p  C u   u 3.5Ž . Ž .r r
for 1 r .
4. THE ESTIMATES OF THE APPROXIMATION SOLUTIONS
Ž .Let  x, t;  , s denote the fundamental solution of the heat equation in
3 kŽ . Ž .R . Then the solutions u x, t of 3.3 can be expressed as
uk x , t   x , t ; y , 0 ak y dyŽ . Ž . Ž .Hi i
3R
3 k1ut ik1  x , t ; y , s u y , s dy dsŽ . Ž .ÝH H j
3  x0 R jj1
 pkt
  x , t ; y , s y , s dy ds, i 1, 2, 3. 4.1Ž . Ž . Ž .H H
3  x0 R i
It is obvious that
 22   xy  4Ž ts. x , t ; y , s  C t s e , 4.2Ž . Ž . Ž .
 xi
for i 1, 2, 3 and some constant  0.
In order to prove the theorem, we need the following lemmas.
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3˚   LEMMA 4.1. Let a J . If 4C C a  1 for some constant C , then30
we hae the uniform estimates
Ž13 q.2  k   t u  2C a ,q 30
4.3Ž .132 q k½    t u  2C a ,q 30
for t 0, 3 q , and k 0.
k Ž13 q.2  k  k 132 q  k  Ž .Proof. Let I  t u and J  t u . From 4.1 ,q qq q
Ž . Ž .4.2 , and 3.5 , we deduce that
 k 1232 q   u  C t aq 31
t Ž .Ž . 32 1r1q k1 k1 C t s u  u dsŽ .H r1
0 4.4Ž .k 132 q   u  C t aq 32
t Ž .Ž .12 32 1l1q k1 k1 C t s u  u ds,Ž .H l 2
0
for 1 r, l q. Let 1l 1r  1q for r such that 3 r and 1r1 1 1 1
Ž . 1q 13. Then we have, from 4.4 , that2
t 1232 rk 132 q k1 k11     J  C a  C t t s u u dsŽ .3 H r qq 2 2 1
0
t 1232 r132 q 3232 r 32 q k1 k11 1  C a  C t t s s I J ds.Ž .3 H2 2 r q1
0
4.5Ž .
 4We use the induction to prove this lemma. Let C max C , C . In0 1 2
Ž . Ž .view of Eq. 3.2 , it is obvious that 4.3 are valid for k 0. We assume
Ž . Ž .that 4.3 are valid for k 1. Then from 4.5 , we have that
t 1232 r2k 2 132 q 3232 r 32 q1 1   J  C a  4C C a t t s s dsŽ .3 3 Hq 2 2 0
0
  2   2 C a  4C C a3 30 0 3
  2C a ,30
  Ž . Ž .if 4C C a  1. So 4.3 is valid for k and 3 q. Taking r 2 in 4.4 ,30 3 2 1
we deduce that
t 3432 qk 1232 q 34 k1 k1 I  C a  C t t s s I J dsŽ .3 Hq 1 1 4 4
0
  2   2 C a  4C C a ,3 30 0 4
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Ž .  which implies that 4.3 is valid for k and q 3, if 4C C a  1. Thus31 0 4
Ž .  4 4.3 are valid for q 3 by induction, if 4C max C , C a  1. In the30 3 4
Ž . Ž .following, we only need to show that 4.3 are valid for q . From 4.4 ,
we deduce
t 34k 12 34 k1 k1I  C  C t t s s I J dsŽ .H 1 1 4 4
0
  2   2 C a  4C C a3 30 0 5
t2 54k 34 k1 k1 J  C a  C t t s s ds I JŽ .3 H 2 2 4 4
0
t 1232 r 3232 r k1 k1 C t t s s ds I JŽ .H2 r r
t2
  2   2 C a  4C C a .3 30 0 6
   4 Ž .Here r 3. If 4C a max C , C  1, then 4.3 are valid for k. So we30 5 6
  4 Ž .take C max C , C , C , C . Then we have 4.3 under the condition3 4 5 6
  that 4C C a  1.30
3˚  LEMMA 4.2. Let a J . If 12 M a  1 for some constant M, then, for3
3 q , the estimate
2 k3  u
3232 q  t  2 M a 4.6Ž .Ý 3
 x  xi ji , j1 q
hold uniformly for k 0.
Ž .Proof. Equation 4.1 can be written as
uk x , t   x , t ; y , 0 ak y dyŽ . Ž . Ž .Hi i
3R
3 k1u  pt2 kk1  x , t ; y , s u  y , s dy dsŽ . Ž .ÝH H j
3 ž / y  y0 R j ij1
3 k1 ut k1  x , t ; y , s u y , sŽ . Ž .ÝH H j
3 ž  yt2 R jj1
 pk
 y , s dy ds.Ž . / yi
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k 3232 q 3  2 k Let W  t Ý  u  x  x . Similar to the above deduc-qq i, j1 i j
tion, we get
t2 7432 qk 3232 q k1 k1     W  C a  C t t s u u dsŽ .3 H 4 4q 7 7
0
t 123232 q k1 k1    C t t s u uŽ .H  q7 žt2
2 k13  u
k1  u dsÝ / x  xi ji , j1 q
  2   2   k C a  8C C a  2C C a max W .3 3 37 8 0 9 0 q
t
2   Ž  4. Ž .So if 12 M a  1 Mmax C , C , C , we can deduce 4.6 , by induc-3 7 8 9
tion.
LEMMA 4.3. Under the conditions of Lemma 4.2, the uniform estimates
hold
3232 q     2t p  C a , 4.7Ž .q 310
k u 23232 q    t  C a  a 4.8Ž .Ž .3 311 t q
for 3 q .
Ž . Ž . Ž .Proof. Combining 3.5 and Lemma 4.1, 4.7 is obvious. Applying 4.7
Ž .and Lemma 4.2, we easily deduce 4.8 .
By continuing this procedure, we can obtain that
3˚ Ž .  LEMMA 4.4. Let a J and l  2 be a gien integer. If N a  1 for3
some constant N, then, for 3 q , the estimate
l
Ž 
 1.232 q 
  k 
 2
 
 k 
 1 k0 0      t D u D D u  D p  2 N aÝ q q q 3x x t x
 
 2
holds uniformly for k 0 and t 0.
5. THE PROOF OF THE THEOREM
By Lemma 4.1, we have
uk  L 0,; L3 R3 , uk  L p 0,; L3 R3Ž . Ž .Ž . Ž .l oc
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Ž .for 1 p 2. From 3.3 , we deduce, with the help of Sobolev inequality,
that
ku 2k k1 k      u  u  pqq q
1 , q 3Ž . t W R
2k k1 k     Ž . u   u  p3q 3qq 3qŽ3q.
 k   k1   k1  u  C u uq 3 q
 Ct132 q .
Ž .Thus for 1 r 2 q 2 q 3 , we have
 uk
r 1, q 3 L 0,; W R .Ž .Ž .l oc t
Ž 	 
.By a compactness theorem in Banach space cf. 7 , there exists u such
that the estimates in Lemmas 4.1 to 4.4 hold for u and
uk u in L2 0,; L3 R3 stronglyŽ .Ž .l oc l oc
as k .
Applying these facts, it is routine to show that u is the unique solution
Ž . Ž . Ž . 	 
to 1.1 , which satisfies 2.1  2.6 . For details, see 5, 7 .
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